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APPROXIMATE SOLUTION OF A PROBLEM OF UNSTEADY CONVECTIVE 

HEAT EXCHANGE IN LONGITUDINALLY STREAMLINED BUNDLES OF RODS 

A. A. Kochubei and A. A. Ryadno UDC 536.24 

Unsteady heat exchange is investigated in a longitudinal bundle of rods with a 
square arrangement during laminar, hydrodynamically stabilized flow of a viscous, 
incompressible fluid. 

In calculations of heat-exchanging systems it is of interest to investigate convective 
heat exchange in longitudinal flow past bundles of rods, The steady heat exchange in bundles 
has been studied in [1-3], and elsewhere. 

We consider the problem of unsteady heat exchange in a bundle of semi-infinite rodswith 
a square arrangement, with laminar flow of a viscous incompressible fluid, Neglecting the 
heat of friction and the axial thermal conductivity, assuming the fluid flow to be steady 
and hydrodynamically stabilized, and the thermophysical properties of the fluid to be con- 
stant, we write the energy equation for determination of the temperature field 

OT OT = a ( a2T 1 a T  1 02T "~ 
Ot + co, (r, ~) O~ \ Or 2 + - -  - -  + " r Or r ~ Ocp z J 

( t > O ;  z > O ;  r, q~C~), 

where T(r, ~ , z, t) is the unknown temperature field; t, time; the z axis is collinear with 
the direction of the fluid flow; r and ~, cylindrical coordinates; the region ~:{0 < ~ < ~/4, 
re < r < b/cos ~} represents a translational element of the bundle, by consideration of which 

we can limit ourselves Dy virtue of the symmetry of the rod system (Fig, i); ~z (r, ~) ---- 
m 

r .  1 ~j {~In re ___$_[(~)z (~)z]_~ f~_i ~ (~_)41 [1__(~)sjj cos4]~} velocity profile 

of the fluid flow in a translational element [4]. 

Apb ~ 

l~ 

We assume that at the entrance to the bundle the fluid temperature equals Te(r , ~p, t), 
and at the initial moment ot time Ti(r , ~, z). Beginning with t = 0 + thetemperature of the 
external surface of the rod assumes the value Ts(Z , t), Hence, for the region under consid- 
eration the initial and boundary conditions take the form 

T (r, % z, o ) = ~  (r, % z); :r (r, % o, t ) =  re (r, % t); 

OT r,ur~ur~ T (re, % z, t) = T s (z, t); ~ = O, 

where F1:{ro < r~b, ~ = 0}; r2:{r = b/cos ~, 0 ~  ~/4}; rs:{ro < r~b, 
is the interior normal to the boundary ~. 

The boundary-value problem in dimensionless form will be 

q> = ~/4}; 
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0 (R, % Z, FO)lz=o 

ao ao c02o 1 cOO 1 a~O 
-aFo + az = + a-# ( i )  

( F o > O ;  Z > O ;  R, q~EQ~), 

0 (R, % Z, FO)[Fo=O = 0 i (R, % Z); 

= Oe(R, % Fo); O(R,  % Z, Fo)iu=, /8 - -  Os(Z, Fo); (2) 

a o  i 
['F, ur,ur~ = O. avi  

Here ~:, v~, and F i (i = i, 2, 3) are the considered region, the normal to it, and the bound- 

aries F. (i = i, 2, 3) in dimensionless coordinates, 
1 

The problem (1)-(2) will be solved using a method developed in [5, 6] for the investi~ 
gation of unsteady convective heat exchange for laminar flow of a viscous incompressible 
fluid in channels of noncircular cross section and based on the joint application of the 
Bubnov-Galerkin method and the method of characteristics [7]. 

We seek a solution based on the Bubnov-Galerkin method in the form 

O~(R, ~, Z, Fo)= Os(Z, Fo)+ X ak(Z, Fo)~h(R, ~), 
h = l  

where {~k(R, ~)} is a system of coordinate functions, satisfying the requirements of the 

method [8]: the ak(Z , Fo) (k = i, 2, ..., n) are unknown coefficients -- or functions, For 
the problem being considered, the coordinate functions are chosen by using the method of R- 
functions [9] in the form 

~Irh=W(R, q~) Xh--o + R-- ? - - -  , 
\OR OR a~ a~ 

where 

Xk (R, q)) = R 4(h-l) COS 4 (k - -  1) q~; 0h = R 2 - -  1I[32; m2 = ~ (zU4-- cp); 

2 4 o~3 ---- I - -  R cos (p; c o = ~ t c o ~ + % - V % %  + ~  

Applying the Bubnov-Galerkin method, for the determination of ak(Z , Fo) we obtain a 
system of nonlinear partial differential equations 

~ (A~ -O--F-ooaak + Bm~ -~Oak ) = ~'~ D.,hah + Fm(Z, Fo), 
h = l  h ~ l  

(3) 

where 

U, 
aTk Oqrm 1 avFh otto ) d~i; 
aN OR + R 2 a~ o~ 

aOs aOs~ ~d~;  
77U + w D-f l 

~i is the closure of the region ~, k, m = i, 2, .,., n. 

The uniqueness conditions for system (3) with account of (2) take the form 
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Fig. i. Concerning the problem of convective heat exchange in a longitudinal flow 
past bundles of rods with a square arrangement, 

Fig. 2, Variation of the mass-averaged temperature of the fluid: the solid lines 
are the third approximation; the dashed lines are the second approximation; I) Z = 
0,00075; 2) 0.00085; 3) 0,00095; 4) 0.00105, 

Here 

n 

"~ A,,~a~, (Z, 0 ) =  F i (Z); ...., Am~a~ (0, F o ) =  W,~ (Fo), m = 1, 2 . . . . .  n. 

F~,Z) = ~ [0~ (~, ~, Z)-- O~ CZ, O)l ~d6,;  

~(Fo) = .If [Oe(R' qD, F o ) - - O s ( 0 ,  Fo)] ~,~dfl,, m = 1, 2 , . . . ,  n. 
if, 

(4) 

The problem (3)-(4) can be solved in the general case by the method of characteristics 
just as in [5]. It can easily be seen that the characteristics of system (3) will be 
straight lines, If T = cons[, T e = T. = To = cons[, then the analytical solution of (1)-(2) 
for n = 2 has the fo~m z 

oo.ie, ~, z, Fo) = 1 +  ~ w~(e, ~)t=~(z, eo), ~ ,Fo<Z<~,Fo,  
k=l I a~ (Z), Z < ~, Fo. 

(5) 

The expressions for a~(Fo); a~(Z, Fo); a~(Z); ~k' k = i, 2, aregiven in [6]. The form of 

solution (5) corresponds to a physical picture of the processes of unsteady convective heat 
exchange in channels [4]. 

It is necessary to note that the process of heat exchange being considered occurs in a 
steady-state regime (in the cross section Z, for example), if the condition Fo > Z/~n is 
satisfied, where the ~k(k = i, 2, ..., n) are roots of the equation 

] Bit -- [ltAtt Bt2 - -  ~t2Al~ . . . . .  Bin - -  [ltAtn I 
i So~ - -  ~,A~.~ B22 - -  ~ 2 A ~  . . . . .  S ~  - -  ~ A ~  !: = 0,  

iBm1 vtA.t  B . o - -  ~oAn2 . . . . .  B ~ - -  ~A,~n 

u~ = max {~k}- 
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Fig. 3. Variation of dimensionless thermal flux along the perimeter of the rod: i) 
= 1.05; 2) 1.2. 

Fig. 4. Variation of mass-averaged temperature of fluid in the case 0 e = sin(2Fo), 
@i = 0 (solid lines) and 0 e = O, ei = i -- exp(--Z) (dashed lines). The values 
of Z are the same as in Fig. 2; 6 = 1.05. 

TABLE i. Values of Coefficients of System (3)-(4) (Fm, F e 
�9 m ~ 

Fim are calculated for the case @e = 0i = 0, O S = I) 

Amh . l  O* Bmh.l  O* 

k =  1 k=2 h=3 k =  l h=2 h=3 

1,05 

1,20 

2,00 

1,05 

1,20 

2,00 

1,668 
--3,353 

6,807 

7,577 
--12,03 

21,23 

199,6 
--135,7 

186,7 

--3,353 
7,771 

--18,27 

--12,03 
25,91 

--57,09 

6,807 
--18,27 

49,52 

21,23 
--57,09 

153,3 

0,083 
--0,185 

0,413 

0,619 
--1,157 

2,279 

--135,7 
284,8 

--524,5 

186,7 
--524,5 

1399 

50,95 
--42,77 

61,39 

--0,185 0,413 
0,455 --1,133 

--1,133 3,138 

--1,157 2,279 
2,634 --6,167 

--6,167 16,84 

--42,77 61,39 
88,98 --170,0 

--170,0 452,4 

h= l  

--0,389 
0,650 

--1,202 

--1,090 
1,288 

--2,600 

--8,359 
4,271 

--5,677 

D m k .  10 2 

h=2 

0,650 
--2,354 

7,506 

1,288 
--6,448 
2t,39 

4,268 
--54,34 

154,0 

h=3 

--1,202 
7,506 

--32,78 

--2,600 
21,39 

--98,45 

--5,677 
154,0 

"803,7 

F m 

0,0 
0,0 
0,0 

0,0 
0,0 
0.0 

0,0 
0,0 
0,0 

e i 
Fro= F m 

0,00389 
--0,00650 

0,01202 

0,01090 
--0,01288 

0,01956 

0,08359 
--0,04271 

0,05677 

This condition is valid for the solution of the problem in the n-th approximation ac- 
cording to the Bubnov-Galerkin method and, as a particular case, for the second approxima- 
tion it has the form Fo > Z/~a (the lower line of the solution (5)), 

Figure 2 shows the results of calculations of the mass-averaged temperature of the flu- 
id 
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If W (R, ~p) 0,~ (R, % Z, Fo)d~.~ 
(z, Fo) = 

for the case 0 R = i, 8 e = e i = 0; 8 = 1.05 in the second and in the third approximations ac- 
cording to the~Bubnov-Galerkin method. It can be seen from the figure that already the sec- 
ond and third approximations of the solution give imperceptible discrepancies in the re- 
suits, which indicates that the convergence of the proposed method may be practically con- 
sidered to be rapid. We note that for calculations in the expression for the velocity pro- 
file, all terms of the series for which r # 0 are taken into account, 

Figure 3 shows the variation of the dimensionless thermal flux qsb/[l(To -- Tc)] along 
the perimeter of the rod, where qs = l~T/~r forR =I/B. Calculations were carried out for 
the time Fo = 0.05 in the cross sections of the bundle Z = 9,5.10 -4 (solid lines) and Z = i 
(dashed lines). From the figure it follows that with an increase in B, whichis theparameter 
of the form of the translational element of the bundle, there is also an increase in the 
density of the thermal flux along the perimeter of the rod, which also corresponds to the 
physical picture of the process [4]. 

Fiure 4 represents the results of calculations of the mass-averaged temperature of the 
fluid (n = 3) for various laws of variation of O e and @i' when 8 S = i. 

To facilitate calculations of unsteady heat exchange, we present in Table i values of 
the coefficients of the system (3)-(4) for various values of the parameter 6 (n = 3), 

NOTATION 

a, thermal conductivity of the fluid; 0 = (T -- To)/(T c -- To), dimensionless temperature 
of the fluid_;Fo = ~t/b2~ dimensionless time; Z = z/(bPe), dimensionless longitudinal coord- 
inate; Pe = mb/a ,Peclet number, where ~ = ~pb~/(Z~); W = ~z/~, parameter of the form of the 
translational element of the bundle; T c and To, certain characteristic temperatures of the 
wall and of the fluid for t = z = 0, respectively. 
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